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Exponentially fitted non-polynomial cubic
spline method for time-fractional singularly
perturbed convection-diffusion problems
involving large temporal lag

Worku Tilahun Aniley' and Gemechis File Duressa'

Abstract

Objective The main purpose of this work is to present an exponentially fitted non-polynomial cubic spline method
for solving time-fractional singularly perturbed convection-diffusion problem involving large temporal lag.

Result The time-fractional derivative is considered in the Caputo sense and discretized using backward Euler tech-
nique. Then, on uniform mesh discretization, a non-polynomial cubic spline scheme is constructed along the spa-
tial direction. To alleviate the effect of the perturbation parameter, an exponential fitting factor is introduced

to the scheme. The parameter-uniform convergence of the proposed method is proved rigorously and shown to be
e-uniform convergent with order of convergence O((At)?~ + M~"). The validity of the proposed method is tested
using model examples and the experimental results are in agreement with the theoretical expectation and produces

more accurate solution than some existing methods in the literature.
Keywords Time-fractional, Exponentially fitting factor, Non-polynomial, Cubic spline, Caputo derivative

Introduction

Even though the history of fractional calculus trace back
to 1695, when Leibnitz introduced for the first time, it
doesn’t applied in the modeling of problems arising in
science and engineering for a long time. However, for
the last few decades, fractional calculus began to attract
the increasing attention of many scientist and research-
ers due to its wide application in the modeling of real life
problem. This is due to the fact that fractional differential
equations rather than integer order differential equations
can better model natural physics process and dynamic
system processes [1-3]. Fractional differential equation is
the generalization of classical order differential equation
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by replacing the integer order derivative with arbitrary
fractional order [3]. Finance, hydrology, control system,
viscoelasticity, damping laws, fluid mechanics, biology,
physics, engineering, modeling of earth quakes and etc
are some of its application areas, [1, 2] and the references
therein.

In general, fractional partial differential
equations(FPDEs) can be divided as time-fractional
partial differential equations, space-fractional partial
differential equations or space-time fractional partial dif-
ferential equations [4]. The analytical solution of many
time-fractional partial differential equations are not
available due to their difficulties in solving such differen-
tial equations exactly and even if the analytical solution is
available, their construction with special functions make
their computations very difficult. Thus, the numerical
techniques has gained a great keenness in solving such
equations numerically [5, 6]. Crank-Nicholson method
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based on spline functions with a tension factor [1], com-
pact finite difference method [5], finite difference method
[6, 7], a collocation method based on cubic-trigonomet-
ric B-splines approach [8], a fully implicit finite difference
scheme based on extended cubic B-splines [9] are few of
the recently developed numerical methods to solve time-
fractional partial differential equations.

Sometimes, the future state of a certain physical prob-
lems may not only determined by their current state,
but also by their past history and such physical prob-
lems are modeled by a delayed partial differential equa-
tions. For example, the time to maturity and incubation
time, delayed feedback, time to transport, population
dynamics, the time lag for getting information and HIV
infection of CD4 + T-cells to describe the time between
infection of CD4 + T-cells and the emission of viral par-
ticles on a cellular level [1, 10] are few of the application
areas of delayed partial differential equations. Many con-
siderable works have been carried out on the numerical
methods for solving time-fractional delay partial differ-
ential equations [5, 10, 11].

In this paper, on the rectangular domain D = Q, x €,
we have considered the time-fractional singularly per-
turbed convection-diffusion problem involving large
temporal lag of the form:
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presence of the singular perturbation parameter ¢, all
classical numerical methods that are used to solve time-
fractional PDEs fails or deteriorate to solve such prob-
lems. Moreover, the presence of the fractional order in
the given differential equation is also another challenge
in solving such problems. To the best of the author’s
knowledge, a stable finite difference method [20], cubic
B-spline collocation method [21] and nonstandard
finite difference method [22] are the only recently pro-
posed numerical methods for solving the problem under
consideration. As a result, it is possible to say that the
numerical treatment of the considered problem is at
infant stage. Motivated by the aforementioned gap, we
have proposed a non polynomial cubic spline numerical
scheme for the problem under consideration. To develop
the scheme, we have considered the time-fractional
derivative in the Caputo sense and discretized using
implicit Euler method. The Caputo fractional derivative
allows us to use the classical initial and boundary condi-
tions. Moreover, it takes account of the interaction within
the past. Then, a non polynomial cubic spline scheme is
constructed along a uniform spatial discretization.

Some preliminaries and properties of continuous

Leu(x, t) = Dfu(x, t) — yx (%, 1) + pX) iy (%, £) + g(x, Hux, t) = —r(x, Hulx, t — P)+

u(x, t) = y(x,t), for (x,t) € I'y =[0,1] x [—¢, 0],

gx,t), (xt)eD,

(1)

u(0,t) = ¢;(¢t), for (x,t) eIy ={0} x (0, 7] ={(0,¢) :0 <t <T},
u(L,t) = ¢r(t), for (x,0) e, ={1} x 0, T]={(1,1):0<t <T}

where 0 <a <1, I'=I[;UlUT, is the bound-
ary, D=Q,; x Q;=(0,1) x (0,T], Df is the Caputo
fractional derivative, g is a delay parameter and ¢ is a
positive constant satisfying 0 < ¢ « 1 called singular
perturbation parameter. If p(x) > p > 0, g(x,t) > q > 0,
r(x,t) # 0 and g(x, t) are smooth and bounded functions
on the domain D and the given initial data and boundary
conditions are also smooth and bounded in their domain,
then the solution of the model problem (1) exhibit a right
boundary layer of width O(¢g). When « = 1, the problem
in (1) gives the usual integer order singularly perturbed
convection-diffusion problem. The numerical treat-
ment of such classical or integer order problem with a
delay and without a delay have been studied extensively
by many researchers (see [12—-19] and the references
therein).

Unlike the classical order or integer order singularly
perturbed partial differential equations, the fractional
order in particular the time-fractional singularly per-
turbed partial differential equations are not studied
well and needs attention. In such problems, due to the

solution
Firstly, we present some basic definitions for fractional
derivatives which are used here with this paper.

Definition 1 Let z be a complex number with
(Re(z)) > 0. Then, the function defined by:

o0
I'(z) = / e S5 1,
0
is called gamma function.
Definition 2 (Ref. [20]) The «-order Caputo fractional

differentiation of a function u(x, t) with respect to t is
defined by:

if aem—1,n),
0%u(x, t) _

ot

3" u(x,t) if

atn

1 ¢ 8" u(x,s) —a-1
Fo—w Jo a5 (¢ — )" ds,
a=n

The differential operator, L, in (1) satisfies the follow-
ing continuous maximum principle.
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Lemma 1 [22] Let the function ¥ (x,t) € C*(D) N C°(D)
satisfies U (x,t) >0, for (x,t) €l and L0 (x,t) >0,
Y(x,t) € D. Then, ¥ (x,t) > 0,V(x,t) € D.

The stability of the operator £, and the e-uniform
boundedness for the solution of (1) is given by the fol-
lowing lemma.

Lemma 2 The s-uniform bound on the solution u(x, t) of
the continuous problem (1) satisfy:
[ Leull
llaell < llullr + %

where |ulr is the boundedness of the solution on
F=r;ur,ury.

Proof By defining the barrier functions:
[[Leul

ﬁ(x) t) = ”u”F + + u(x’ t)’ (x> t) € 5'

— @)y (x) + g () + BU (%) —

Rtl(x) = ’ ' 4 ‘
—r L )W (x) + ¢ (%) + U (x)
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sense and at f = £, it is approximated by the follow-
ing quadrature formula:

1 b1 du(x, T)
Dfu(x, tit1) = tiy1 — 1) dr.
P u(x 1+1) r(l—a) /0 97 (1+1 7) T

Then, following the approach in [21], the Caputo frac-
tional derivative DY u(x, t) at (x, 1) is approximated by:

/ )
Diuls tin) =By by (u(x, bokg1) — ux, t,_k)) +3
part (2)

where B = Wl(z_a); by = (k+ D' — (k)™ and

j+1 O(At J t
ar = r(g—;) k=0 ftkkH (tj1 — D)dT.
Now, the application of (2) into (1) gives the semi-

discrete problem:

(ﬂ + LA W (%) = R (x),

u’:H(x) = ¥/t (x), for '(x, tir1) € [0,1] x [—,0],
WH0) = ¢1ti11), W) = ¢, (t41),
3)
where, EsAtUj'H (%) = —8(Uxx(x))j+l +p(x)(Ux(x))/+1
+g T U (x),

B h_, b (u"—k“(x) - uf—k<x>>,

for j=1,2,..,nm,
B e bk (U/‘—k“(x) - uf—k(x)>,
for j=n+1,n+2,.,N,

and using lemma 1 ends the proof. O

The numerical method
Temporal discretization

Firstly, the temporal domain [0, 7] is dis-
cretized uniformly with step size At as
Q ={t;=jAt, j=0,1,2,3,.,N, At=1L} and
QY ={jAt, j=0,1,23,.mt,=p At ="~} where

N is the number of mesh points in the time interval
[0, T] which is chosen in such a way that p = nAt¢ for
some positive integer n € (0, N). Then, the time- frac-
tional derivative term of (1) is considered in the Caputo

and L/*!(x) is the approximation to u(x, tir1).
The semi-discrete scheme (3) satisfy the following
semi-discrete maximum principle.

Lemma 3 [22] Let 9/ +1(x) be a sufficiently smooth func-
tion on the domain [0, 1] satisfying ¥/71(0) >0,
¥ 1) >0 and <ﬂ + L§f> »Hl(x) >0, Vxel0,1]

Then ¥/ *1(x) > 0, Vx € [0, 1].
Lemma4 [21]
The local truncation error e]:tl in (2) is bounded.

JH < can?,

where C is constant independent of the perturbation
parameter.
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Lemma 5 (Ref, [14]) The derivatives of the solution
W*(x) of the semi-discrete problem (3) satisfies the
bound

myrj+1 —p(1 —
% - C<1 L exp(M))
X &

x€[0,1], m=0,1,2,3,4.

Spatial discretization

Next, the domain along the spatial direction is discretized
as: Q ={w; 1w =ih,i=0,1,2,3,..,M}, where h = ﬁ
and M is the number of sub-intervals in [0, 1]. Then, on

Page 4 of 13
Sj+1 (x) =a; <ea)(x—xi) + e—w(x—x,))
+b; <ew(xxi) _ ew(xx,-)>
+ci(x — %) + dj, (4)

where a;, b;,c; and d; are unknown coefficients to be
determined and w is free parameter that is used to raise
the accuracy of the method. To determine the unknowns
in (4), define the following.

; i+1 i+1 i+1
Sy =t Sty = M,

4 ; ; . (5)
each sub-interval [x;,x;41], i =0,1,2,..,M — 1, define a AR (xi+1) = L[{j:ll, Sf;rl (xi41) = ij_ll
non-polynomial cubic spline of the form:
Differentiating (4) successively, gives:
S{jl(x) = wa; <ew(x—x,') _ e—w(x—aq)) + wb; (ew(x—xi) + e—w(x—xi)) +c,
(6)
Sgcjc-l(x) — a)zﬂi (ea)(x—xi) + e—w(x—x,')) + wai <ew(x—xi) _ e—w(x—x,)))
Now, using the relations in (5) into (4) and (6), we get:
1 JHL L j+1 j+1
a,_Mi i — Ui+1_ui . i+1_Mi
T 22 ' h b ’
j+1 j+1 _
M~ <ee e 9) o ?)
b; = ) i = ULI - LZ ’

1

J+1 J+1 JHL (o0 4 o0
a)(Mi—1>(eG_89)+w<2Mi — M (e te )

2w? 202 (e? — e )

i+1

where wh = 6.
But, the continuity of the first derivative for the non-pol-
ynomial cubic spline at x = x;, gives:

wa;_1 (ee — e_6> + wb;_1 <e€ + 6_9> +ci_1 = 2wb; +¢;.

(8)
Reducing the indexes of (7) by one and substituting into
(8), gives:

T
) (ee N ee> p o

j+1 Jj+1 Jj+1 Jj+1
ui+1 B L[i i+1 _Mi

j+1 j+1 Jj j+1, ¢ _0
M — M =2w<2Mi+1 M; (e +e )>+

b 202(e? — e )

h w0
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Simplifying and rearranging gives:

uj+1 _ 2uj+1 + U(’-‘rl 1 9 ) ) 9 9 + 0 )
i—1 hL2 i+l _ ( )Mfri n ( (" +e) >M’+1+

which can be rewritten as:

i i i &g+ j+1 j+1
it o T , . 7 (ui—l =24+ Ui+1>
L = M+ 2] h
‘ j+1 j+1 1, 1
+ ilMg]l, for i=1,2,3,..,M—1, ©) =h <R€1 —pily (xic1) — Q5 LIl.1>+
_ 0 4 i+1 j+1 i+1, j+1
where 41 = 9% - 70(&2—9) and 1y = 9—21 + 79229:3_2,). Here, 272 <Ri+ —pill, ) - QU )
as 0 — 0,41 + Ao — % and their corresponding value is , ’ ' ’
determined from the truncation error. That is, following + 21 (Rij: — Pi+1 Llfcﬂ(xiﬂ) — LI}U{I} >,
the approach in [23], the truncation error in (9) is given
by: where Q;—H = qﬂ“ + 8.
W - Consider the following finite difference approxima-
Ti(h) =~ ( — 21+ zz) il () tions from [23].
‘ . jHL ol
e (1 - 12/11> UL () + O(O). U ) = Fie1 —Uion
2h '
j+1 j+1 j+1
It is clear that, for the choice 1; and 1> whose sum % is, u/’+1 (1) = —Uy +4U; —3U;_, (11)
T1(h) = O(h*). T , 2h L
Considering the second order differential equation LIjH(x«H) B Sulgill —4L[f+l i ul;irll
X 1 - .

in (3) and using the relation in (5), corresponding to

) ) 2h
M = S ) = U (), yields:

Using the approximations in (11) into (10) and rearrang-
_ EMi—H _ Ré-&—l —pan]cH (xl) _ Q§+1U;+1, ing gives:

jH1 i+ j+1 i1+l
—eM; | = Ré,l —pi-ly (xi-1) — Q1 Uy,

AL il j+1 i+1, j+1
—eM, =R — pinill (rip1) — QUL

(10)
Substituting (10) into (9), gives:

. —¢ . . ; Mpi— j j j
covhyI*t - (uf*ll ol u{if) + 2P ( —ulfy +ault - 3Uf+11)+

2 2h
Jopi (1 : Japi ; ; : e 12
Zh‘”’ (u{.jll— {f11>+ “;l“ <3u{ﬁ—4u{“+u{ﬂ)+zl ot + (12)

2T U + QU = MR 4 2R + MR, for i=1,2,.,M —1.

Determination of the exponentially fitting factor

To overwhelm the effect of the perturbation parameter,
we introduced an exponentially fitting factor o to the
term containing the perturbation parameter in (12) in
the following form.
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oo [ : : Ipi : : :
—eo (U{jll Ut 4 Lﬂ“) L b (_ U 44t - SLIf:l)—i-

2 i+1 Y i+1
Jopi [ : Jpi : : , T 13
th : <u{jll - uﬁf}) + —15;1“ <3u{jll —aul™ ufff) + QU+ (13)

i+1, j+1 i+1, j+1 5 j+1 j R j+1
20Q U+ QUL = MR + 22aR, + R Y.

Multiplying (13) by / and taking a limit as # — 0 gives:

— . . . Jn(l . : ;
Tt (-t « P (it vl )

. i1 i1 Ap(1) . i1 i1 i+1
Jap(1) lim (u{jl - u;f1> + "’T lim (3u§jl — a4 u;jl) =0,

where p = é But, from the theory of singular pertur- Following the approach in [21], we have:

bation [24], taking the zero-order asymptotic solution ' 2
WH(x) of (3) and expanding it using Taylor’s series s<ppi(/11 + J2) coth (PM) — 1> < . (17)
expansion about x = 0 gives: 2 hte

W) = U™ ) + (qbr(t,-ﬂ) - u(’;“(1)> exp (_”(DS_’C)) +0(e),

where Up(x) is the solution of the reduced problem.
Therefore, at x = x;, we have:

. j+1 j+1 j+1

limy o ( U5y —2u) " + u;L) = @(exp(p(l)p) -2+ exp(—p(l)p)),

. j+1 j+1 j+1

limy, o ( — U, +aul™ - 3u{f1> = @( —exp(p(1)p) + 4 — 3exp(—p(1)p)>,

. j+1 j+1 j+1
limy,_o ( 30/ — 4™ + u{L) = @(3 exp(p(1)p) — 4+ exp(—p(l)p)>,

limy, o (U} — U{f}) = @(exp(p(l)p) - exp(—p(l)p)),

here © — ) — U a > exp(—n(D)(L — io). The full discrete scheme
v <¢r( +1) o (D) ] expl=p()(z —ip)) Now, inducing the exponential fitting factor obtained in

Using (15) into (14), simplifying, rearranging and adopt-  (16) into (12), the full discrete scheme is given as:
ing the result to a variable coefficient gives: , 4 , ,
Lot = R 4 2R 4R for i=1,2,.,M 1,

o; = ,Opl'(/ll + A7) coth (102171> (16) (18)
where,

1+l i+ j j i—k+1 i—k )
| +ﬁu;_ﬂsz=1bk(u; 1y ) for j=1,2m
i = . . . . ; . .
AT T Ul - Y bk(uf Sl "), forj=n+1,n+2.,N,
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1 —eoi : : Japi
ﬁgAt’hU}»_H _ £0; <ul{j—ll_2ul{+l+u(+l) + 1Pi-1

i ]/12 i+1 2%

h 2h

RSNTE IS | i1, j+1 i1, j+1
aQ U 42507 U + QL UL,

which can be rewritten in a three term recurrence rela-
tion as:

lopi (L1 o+l JAPit1 j+1
<Ui+1 - Ui—l) + <3ui+1 -

Page 7 of 13

J+1 j+1 j+1
(— Ul +ault - 3ul._1>+

i+1

a4 u{fll) +

Stability and uniform convergence analysis
The following lemma guarantee the existence of a

1 unique discrete solution for the scheme in (18).

— ot A R TS R S|
Pyl +FU; +F U, =H;

for i=1,23,.,.M—1, (19) Lemma 6 [24](Discrete comparison principle) Suppose
wh E?t’hU{H < Eﬁt’th«Hl, for 1 <i<M—1, such that
ere, W < 1 1 g
o Vo and Uy, <V . Then, U, " < V; ~, for
_  —eo;  3Mpicn lapi Mpivl i+1 .
- _ _ — Lot = 1()M.
b= 2 h an e
F? = 28? 2hpia1 _ 24pin + 2)~2Q§+1, Lemma 7 The solution U{H of the full discrete problem
h h h in (18) at each (j + 1) time level satisfies the bound:
pitL T80 Abiy | Japi | 3hpi
R R s, lCkAtY)
ng+1 _ AIRQF} +2)L2R§+1 +).1Ri-ﬁ. |u; | < T + max{|¢; (1), 1ér G+ 1}

where, Qéﬂ >7T > 0.

Proof Define the barrier functions 195 == UZH,

ettt
where IT = =20+ max{Igy (7411, ¢, (5+1)1). Then
+ j+1 + j+1
o =T Uy =0,anddy ) =T+ Uy >0.

Moreover, forl <i <M — 1, we have

Ath g+ —E€0i [ o+ + + 2api-1 + + +
L7050 =Tp <ﬁi1,j+1 =20, + ﬁi+l,j+1) + “on ( = Vi1 T4040 — 3’9i1,j+1>+

2api o+ + 2pit1 [, o+ + +
T ﬁi+1,j+1 - ﬁi—l,j—b—l + 2% 3I9z‘+1,j+1 - 4191‘,1‘+1 + ﬁi—l,j+1 +

1 o+ 1 o+ NSNS
A1 i—lﬁi—l,j+l+2;”2Q£ Vi1 T 4MQ1 04

- <21Q§fi +21Q " + 1 ,ﬂ) M LAk

=27 (g + AT £ L2 since Q7' > Y > 0,fori = 1(1)M — 1,

1
M+l =-,
1+ /A2 5

ji+1 .
>YII + LsAt'hUl{+ , since

kAt Aty
>T f+maX{|¢z(tj+1)|,|¢r(t/+1)|} L0,

>0.
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Then, the application of lemma 6 results
195 11 >0, Vi=0(1)M. Therefore, the desired bound
hold. U
Lemma 8 (Ref [16]). Let M be a fixed mesh number.

Then, for e — 0, the following holds:
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lim max &7 exp(u) =0, m=123,..,
e—01<i<M—1
where x; = ih, h= 3, VYi=123,.,M-1
The following are an input in proving the next theo-
rem. That is applying Taylor series expansion about

x = x;, we have:

d .
Jp(xi-1) (U/+1(xi—

dx

d 0+l
2h0p(x;) 5_5’6 T (x;)

d ,
21pXiy1) <dxuj+1(xi+1) - (

Tl(h)‘.

d2 ) d4uj+1(x,)
(g )| = 0|
AWt ey (=ULy ault = sult | ol U @)
dx 2h - dx3 ’ (20)
A ) (UL — AUl Ul | o] U
dx 2h - dx3 ’
d 0 j+1 2 > ()
(dx _8x>u] (x:)| < Ch R
Lemma 9 Let L (x) be ‘the solution of the semi-dis-
crete problem in (3) and I,[l(—Irl is the solution of the full
discrete problem in (18). Then, the following error bound
hold.
A +1 +1 cn?
ch t<u1+ x) — U ) =
Proof Consider the truncation error:
; ; d? .
Eé"“ (U’H(xi) — LIfH) ‘ <le <de2 - a,ﬁ%) W)+
j+1 j+1 j+1
Uiy +4l; Uiy,

1)—<_ - >>+

)+

+

j+1 4L | il
Uiy —4l;  + Ui,

2h

Further, rearranging gives:



Aniley and Duressa BMC Research Notes (2024) 17:381 Page 9 of 13

2
‘ﬁh ,AL (U}+l(x ) ]+1) e <ddxz _ 83%) uj+l(xi) +

1+1 j+1 Jj+1
—3Ul) 44Ul — Ul )) ‘+
2h

< 8<oi - 1) S2L M ()| +

ilp(xz 1)(dxuj+l(xl 1) — (

d ,
2ap(x;) (dx - 5,‘3) W () |+

j+1 j+1 j+1
(3Ui1 —4U; " + LILJrl )) ‘_'_

/1119(96;+1)( wtt (®iy1) — Y

Using the bounds in (17) and (20) gives: where C is a positive constant independent of the pertur-

bation parameter ¢.
; - || d2U (x A0+ (x
cest (UH_I(M) - u{“) ’ S h‘ — o) ‘ + Ceh?| | == L ‘+

Hd3u/+1 (x7) Hd3u/+1 (x;) H

‘ Ch4< 201 + zz)

AW (x;
cent(1— 127, ||| 2H_ D)
dx3

-1
’h+e - CM™,
since h = M’ Then, the application of lemma 6 in to

Sgcfzh (1 +e 2 exp <—p(18—x,)>>+
C8h2<1 +etexp ("’(18_’”>>+
Ch? <1 +e 3 exp (M>>+
Ch4< -2/ + /12> <1 +elexp (_"’(18_’“’))>+
Ceh* (1 — 12&1> (1 + e 3 exp (_”(18_’“‘)»

The application of lemma 5 gives: Proof Note that from lemma 9,ase — 0

££I,At <uj+1(xi) _ u{""l)

&

Ch? —p(1 — x
= (1 +&73 exp (p( xl))), since 3 >¢g72

e+ h

Therefore, the application of lemma 8 gives the required
bound. O

Theorem 1 The discrete solution LI{ + of the problem in

(18), satisfies the following error bound.

sup max L[j+1(xi— L[{H) < cM™1,

0<e<1%i€[0,1]

lemma 9 gives the required bound. d

Here, whenever ¢ > h, the obtained method gives
a second-order uniformly convergent. On the other
hand, when ¢ « & the method is first order uniformly
convergent in the space direction.
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Table 1 Comparison of maximum absolute error for Example 1

forafixede = 2719 44 = -5, 4, = 5 and different values of «
ol (M,N)—> (16,20) (32, 40) (64, 80) (128, 160)
Present Method
0.25 5.6815e-03  3.2103e-03 1.6913e-03  8.3490e-04
0.5 5.9931e-03 3.3544e-03 1.7670e-03  8.7197e-04
0.75 6.4909e-03 3.5928e-03 1.8946e-03 9.3501e-04
Resultin [20]
0.25 1.1726e-02  6.3654e-02  3.3194E-02 1.6943e-03
0.5 1.2246e-02  6.6457e-03  3.4625e-03 1.7661e-03
0.75 1.3012e-02 7.0750e-03 3.6857e-03 1.8785e-03

Table 2 Comparison of maximum absolute error of Example 1

forafixed o = 0.5,4) = 75, 4> = Sand different values of &
e=2k 15 (16,20) (32,40) (64,80) (128,160)
/(M,N) —

Present method

k=6 4.4305e-03 14685e-03  3.9700e-04 1.0233e-04
k=8 5.9888e-03 3.2323e-03 1.3387e-03 4.0971e-04
k=10 59937e-03  3.3544e-03 1.7670e-03  8.7197e-04
k=12 59937e-03  3.3544e-03 1.7682e-03  9.0458e-04
k=15 5.9931e-03 3.3544e-03 1.7682e-03 9.0458e-04
k=20 59937e-03  3.3544e-03 1.7682e-03  9.0458e-04
Resultin [20]
k=6 1.0088e-02  4.9407e-03  2.0143e-03  7.1385e-04
k=8 1.1863E-02  6.3546E-03 3.3404E-03 1.8221E-03
k=10 1.2246e-02 0.6457e-03 3.4625e-03 1.7661e-03
k=12 1.2336E-02  6.7141E-03 3.5082E-03 1.7930E-03
k=15 1.2361e-02 6.7337e-03 3.5212e-03 1.8011e-03
k=20 1.2365e-02  6.7364e-03  3.5230e-03 1.8022e-03

Theorem 2 Let u(x;,t;) be the solution of the problem

(1) and U{H be the solution of the full discrete scheme
(18). Then,
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Table 3 Maximum absolute error, uniform error and uniform

rate of convergence of Example 2 for a fixed @ = 0.5, 41 = -

12
A = % and different values of &

e=27k) (16,16)  (32,32) (64,64)  (128,1128) (256,256)

/(M,N) —

274 2.7763e-  7.0255e- 1.8434e- 4.9688e-05 1.3696e-05
03 04 04

2-6 1.0220e- 34939%e- 8.2988e-  2.1462e-04 5.4950e-05
02 03 04

28 1.2966e-  7.1656e-  3.1097e-  9.6066e-04 2.2330e-04
02 03 03

210 1.2973e-  7.3879%- 39419- 1.9756e-03 7.7086e-04
02 03 03

212 1.2973e-  7.387%- 39441e- 2.0366e-03 1.0336e-03
02 03 03

214 1.2973e-  7.3879%- 39441e- 2.0366e-03 1.0341e-03
02 03 03

216 12973e-  7.3879%- 39441e- 2.0366e-03 1.0341e-03
02 03 03

EMN 1.2973e-  7.3879%- 39441e- 2.0366e-03 1.0341e-03
02 03 03

RN.M 0.8123 0.9055 0.9535 09778 -

j+1 — —
sup ||U(x) — " §C<M '+ (an? ").
0<e<1 D

Proof The result of this theorem holds form the trian-
gular property of norm, the error bounds in lemma 4 and
theorem 1. O

Numerical result and discussion
To validate the main result of our work, the following
three model examples are considered.

Example 1 We considered the following time-frac-
tional singularly perturbed problem which is taken from
[22]:

DYu(x,t) — ethye(x, 1) + (2 — D) (0, 8) + (x + 1) (¢ + Du(x, ) = u(x, t — 1) + 102 exp(—t)x(1 — x),

u(x,t) =0, for (x,t) €[0,1] x [—1,0],
u(0,£) =0, u(l,t) =0, fort €[0,2].

for, (x,t) € (0,1) x (0,2],
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Example 2 We considered the following time-frac-
tional singularly perturbed problem which is taken from
[22]:

DYU(x,8) — ety (%, 8) + (2 — x2) 1y (3, £) + xu(x, t)
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The exact solution of the first two model examples
is not known. As a result, double mesh principle is
applied to compute the maximum absolute error using:

=u(x,t — 1)+ 102 exp(—)x(1 — x),

for, (x,t) € (0,1) x (0,2],
u(x,t) =0, for (x,t) € [0,1] x [—1,0],
u(0,£) =0, u(l,t) =0, fort €[0,2].
Example 3 We considered the following time-frac-
tional singularly perturbed problem which is taken from
[22]:
DYu(x,t) — Uy (x, £) + ty(x, ) = l}(t;i:m +2x — 2, for, (x,t) € (0,1) x (0, 1],

u(x,0) = x2, forx € [0,1],
uw(0,8) =2, u(l,t) =1+1¢t2 forte0,1].

Fig. 1 Surface plot of Example 1 fore = 2712, = 0.5, M = 64
andN =80

Table 4 Comparison of maximum absolute error for Example 3

forafixede = 1,41 = wiz Ao = %and different values of « and

al (M,N)—> (16,16) (32,32) (64, 64) (128, 128)
Present method
0.25 6.2801e-04  1.6545e-04  4.3996e-05  1.1828e-05
0.5 1.0742e-03  34815e-04  13367e-04  5.3069e-05
0.75 26933e-03  1.0857e-03  44332e-04  1.9557e-04
Resultin [20]
0.25 74538E-04  22828E-04  6.9461E-05  2.1047E-05
0.5 23962E-03  85395E-04  3.0333E-04  1.0759E-04
0.75 6.3731E-03  2.6801E-03 1.1263E-03  4.7338E-04

M,N __ M,N IM 2N
E" = max | U™ (x,4) — U (%2, £25) |s
ij

and the corresponding uniform error estimate is obtained
by: EMN = max, (EQ/I’N ). Finally, the uniform rate of con-
vergence is calculated using:

RMN _ log(EMN) — log(E2M2N)
log 2 '

However, the exact solution of the third model example
is known and it is given by u(x, t) = 52 + t2. Hence, the
maximum absolute error is found by using:

Fig. 2 Surface plot of Example 2 fore = 2712 & = 0.5, M = 64
and N = 80
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EéW'N = rr}j;x MM’N(xi,tj) — UM’N(xi, 5|,
where, u(x, t) is the exact solution.

The first two model examples involves an arbitrary
fractional order derivative «, a large temporal lag of mag-
nitude » =1 and a singular perturbation parameter ¢
multiplying the term containing highest derivative. Due
the presence of ¢, the solutions of the considered model
examples exhibit a strong boundary layer at the right
end point of the spatial domain whenever the value of ¢
approaches to 0 as it is depicted in figures 1 and 2, respec-
tively, for example 1 and 2. The large temporal lag doesn’t
have an effect on the position and size of the boundary
layer since the layer occur along the spatial domain only.

The maximum absolute error of the proposed method
for each example is computed taking 4; = 1—12 and

Jo = % The comparison of maximum absolute error
of Example 1 for the present method with the method
developed in [20], with a fixed value of ¢ and different
values of «, is presented in Table 1. The result in this
table depict that, the proposed method is more accu-
rate than, the method in the literature. The compari-
son of the proposed method with the method in [20]
in maximum absolute error, for Example 1 with a dif-
ferent values of ¢ and a fixed « is presented in Table 2.
Again the result in this table also indicate that, the
proposed method is convergent and more accurate
than the result presented in [20]. The numerical result
in Table 3 also indicate the maximum absolute error
of Example 2 for different values of the perturbation
parameter ¢ and a fixed value of «. From the result in
this table, as the perturbation goes smaller and smaller,
the maximum absolute error of the proposed method
becomes stable and identical after showing some grow
up indicating that, the proposed method is e-uniform
or uniformly convergent. Again, from the last rows of
this table, we can clearly observe that, the proposed
method is first order which is in agreement with the
theoretical expectation. The comparison of maximum
absolute error of Example 3 for the present method,
with the method developed in [20], with a fixed value
¢ = 1 and different values of «, is presented in Table 4.
The result in this table shows that the proposed method
is more accurate than the result found in the literature.
Figure 1 and Fig. 2 shows the solution profile of Exam-
ple 1 and Example 2 for ¢ = 2712, M = 64, N = 80 and
a = 0.5, respectively. From the figures, one can observe
that the numerical solution of the governing problem
forms a strong right boundary layer as the perturbation
becomes smaller and smaller.
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Conclusion

In this paper, an exponentially fitted non-polynomial
cubic spline method is proposed for solving time-frac-
tional singularly perturbed convection-diffusion prob-
lems involving large temporal lag. The time-fractional
derivative is considered in the Caputo sense and dis-
cretized uniformly using the implicit finite difference
techniques. Then, an exponentially fitted non-poly-
nomial cubic spline method is constructed along the
spatial domain on a uniform mesh discretization. The
e-uniform convergence of the proposed method has
rigorously proved and shown to be convergent with
order of convergence O((At)?>~% + M~1). The proposed
method is validated using two model examples and
the experimental result is in agreement with the theo-
retical expectation. Moreover, the proposed method
gives more accurate solution than some recent existing
methods.

Limitations

The developed method is not layer resolving method
since there is no sufficient number of mesh points in
the boundary layer region.
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